A simple quadrangulation of the sphere is a finite simple graph embedded on the sphere such that every face is bounded by a walk of 4 edges. We consider the following classes of simple quadrangulations: arbitrary, minimum degree 3, 3-connected, and 3-connected without non-facial 4-cycles. In each case we show how the class can be generated by starting with some basic graphs in the class and applying a sequence of local modifications. The duals of our algorithms generate classes of quartic (4-regular) planar graphs.
Introduction
A quadrangulation of the sphere is a finite graph embedded on the sphere such that every face is bounded by a walk of 4 edges. We will be primarily concerned with simple quadrangulations, which are those which do not have multiple edges. We will also follow some (but not all) of the literature by not counting the path of three vertices as a simple quadrangulation. With this proviso, the boundary of each face of a simple quadrangulation corresponds to a 4-cycle of the graph.
Two quadrangulations are regarded as the same if there is an embedding-preserving isomorphism (possibly reflectional) between them. That is, we are not concerned with abstract graph isomorphisms.
It is a standard fact that a simple plane graph is 2-connected if and only if every face is bounded by a cycle. The connectivity of a simple quadrangulation cannot be more than 3, since Euler's formula implies that the average degree of the vertices is less than 4. Therefore a simple quadrangulation of the sphere has connectivity either 2 or 3.
We are concerned with generating all the simple quadrangulations in some given class by beginning with a "starting set" of basic quadrangulations in the class and recursively applying some "expansions" to them.
The starting sets we will use consist of the square or the pseudo-double wheels. A square is just a 4-cycle. A pseudo-double wheel is a quadrangulation with n ≥ 8 vertices, n even, consisting of a cycle (v 0 , v 1 , . . . , v n−3 ), a vertex adjacent to v 0 , v 2 , . . . , v n−4 , and a vertex adjacent to v 1 , v 3 , . . . , v n−3 . All of these have a unique embedding on the sphere. The smallest pseudo-double wheel is also called the cube. Figure 1 shows the square and the two smallest pseudo-double wheels. The pictures in this paper should be interpreted using the following rules. The pictures show actual embeddings, so the cyclic ordering of edges around each vertex is important. Moreover: (i) each displayed vertex is distinct from the others; (ii) edges that are completely drawn must occur in the cyclic order given in the picture; (iii) half-edges indicate that at an edge must occur at this position in the cyclic order around the vertex; (iv) a triangle indicates that one or more edges may occur at this position in the cyclic order around the vertex (but they need not); (v) if neither a half-edge nor a triangle is present in the angle between two edges in the picture, then these two edges must follow each other directly in the cyclic ordering of edges around that vertex.
By convention, throughout this paper, we write the vertices bounding a face in clockwise order.
Expansions will be defined using an operation called face contraction. Let Q be a simple quadrangulation with a face F = (x, u, v, w). The contraction of F at the vertices {x, v} produces a quadrangulation Q obtained from Q by identifying the vertices x and v to form a new vertex x , identifying the edges {x, u} and {v, u} to form a new edge {x , u}, and identifying the edges {x, w} and {v, w} to form a new edge {x , w}. The faces of Q are the faces of Q other than F , with the vertex and edge identifications as specified. A face contraction is illustrated in Figure 2 . In the case that x and v lie on only one common face, we might omit mention of the face. For 0 ≤ i ≤ 4, a P i -expansion is an operation that takes a quadrangulation to a larger quadrangulation. We will define each expansion as the inverse of the corresponding reduction, which consist of one or more restricted face contractions, as follows. In all cases, the named vertices must be distinct.
• Suppose there are distinct faces (u, v, w, x) and (u, y, w, v), so that v has degree 2.
A P 0 -reduction consists of a face contraction at {x, v}.
• A P 1 -reduction consists of a contraction of a face (x, u, v, w) at {x, v}, where x has degree 3 and u, v and w each have degree at least 3.
• A P 2 -reduction is defined as a sequence of two face contractions. We have faces labelled clockwise as follows: (p, t, y, u), (t, z, x, y), (u, y, x, w), (z, v, w, x), (t, q, v, z).
Here all labelled vertices except t and possibly w have degree exactly 3, while t has degree at least 4 and w has degree at least 3. A P 2 -reduction consists of a face contraction at {x, v} followed by a face contraction at {z, q}.
• A P 3 -reduction is defined as a sequence of four contractions. We have faces
Here u, v, w and x all have degree 3, and we assume that a, b, c, d all have degree at least 4. A P 3 -reduction consists of a face contraction at {a, v}, followed by one at {b, w}, followed by one at {c, x}, followed by one at {d, u}. (Thus, a P 3 -reduction is essentially just the removal of the vertices u, v, w, x and their incident edges.)
• A P 4 -reduction consists of a contraction of the face (x, u, v, w) at {x, v}, where each of x, u, v, w has degree at least 2. Figure 3 shows the five expansions in pictorial form.
We can now define the generation concept formally. Given a class Q of simple quadrangulations, and a set of expansions P ⊆ {P 0 , P 1 , P 2 , P 3 , P 4 }, the relation R(Q, P) is defined by R(Q, P) = {(G, G ) ∈ Q × Q | G can be obtained from G by applying some P ∈ P}.
We say that Q is generated from S ⊆ Q by P if the closure of S under R(Q, P) is Q. An equivalent definition is that, for any G ∈ Q, there is a sequence G 0 , G 1 , . . . , G k = G of quadrangulations in Q such that G 0 ∈ S and, for each i, G i+1 can be obtained from G i by applying some P ∈ P. It is important to note that each G i must lie in Q; we do not allow the type of generation that can step outside the class and then step back in again.
If Q is a class of simple quadrangulations and 0 ≤ i ≤ 4, we say that G ∈ Q is P ireducible in Q if there is G ∈ Q such that G can be obtained by applying a P i -reduction to G. When we wish to emphasise that both G and G lie in Q, we will call the P ireduction in question a P i (Q)-reduction, and the reverse operation a P i (Q)-expansion. However, remember that in fact no other expansions are permitted in generating Q according to our definitions.
A separating 4-cycle is a 4-cycle which is not the boundary of a face. We can now state our main theorems, which will be proved in Sections 3 and 4. (Note that a 3-connected quadrangulation is necessarily simple.)
Theorem 1
The class Q 1 of all simple quadrangulations of the sphere is generated from the square by the P 0 (Q 1 )-expansions and P 1 (Q 1 )-expansions. Theorem 2 The class Q 2 of all simple quadrangulations of the sphere with minimum degree 3 is generated from the pseudo-double wheels by the P 1 (Q 2 )-expansions and P 3 (Q 2 )-expansions.
Theorem 3
The class Q 3 of all 3-connected quadrangulations of the sphere is generated from the pseudo-double wheels by the P 1 (Q 3 )-expansions and P 3 (Q 3 )-expansions.
Theorem 4
The class Q 4 of all 3-connected quadrangulations of the sphere without separating 4-cycles is generated from the pseudo-double wheels by the P 1 (Q 4 )-expansions.
Recall that the definition of R(Q, P) insists that an expansion in P may only be applied to a quadrangulation in Q if the result is also in Q. It is not difficult to check that this is true in Theorems 1, 2 and 4; that is, applying expansion P 0 or P 1 to a simple quadrangulation produces a simple quadrangulation, and so on. For Theorem 3, any application of P 3 to a 3-connected quadrangulation produces a 3-connected quadrangulation. However, the expansion P 1 may only be applied to a 3-connected quadrangulation when the 3 vertices involved in the expansion (that is, those depicted in the picture on the left of the second line of Figure 3 In establishing some of the above, it is useful to realise that planar 4-regular graphs cannot have cuts consisting of an odd number of edges. This corresponds to the fact that quadrangulations are bipartite.
Weaker versions of each of Theorems 1-4 have appeared in the literature. However most of them use P 4 instead of the more restricted operation P 1 . The use of P 1 represents a substantial improvement, since for any given quadrilateral there are only linearly many places to apply a P 1 -expansion, but possibly a quadratic number of places to apply a P 4 -expansion. This has considerable benefit for the efficiency of generation algorithms. It might also help in the construction of inductive proofs, though we don't have an example.
Nakamoto [12] proved Theorem 2 using P 4 instead of P 1 . Nakamoto also considered surfaces other than the sphere.
Negami and Nakamoto [13] showed that all simple quadrangulations are generated from the square using P 4 ; Batagelj [1] also gave this result.
For 3-connected quadrangulations, Broersma [4] showed that the cube, together with P 3 , P 4 and a less restricted version of P 2 , are enough. Batagelj [1] had in fact earlier claimed a stronger result, namely that the class of 3-connected quadrangulations was generated from the cube by the operations P 1 , P 2 and P 3 . (Batagelj defines P 1 in a slightly more restricted form than we do, but the same restriction is implied by our requirement that operations are only applied if the resulting graph remains in the desired class-in this case the class of 3-connected quadrangulations.) Note that Batagelj's claim is true: it follows from Theorem 3 because the set of pseudo-double wheels is generated from the cube by P 2 . However, Batagelj's proof is incorrect (as he acknowledges). This is shown by Figure 4 , which (contrary to one of Batagelj's key steps) is not P 1 -reducible in Q 3 even though it has a vertex of degree 3 not adjacent to any other.
Figure 4: Example showing that Batagelj's proof is incomplete
The 3-connected quadrangulations without separating 4-cycles are closely related to the 3-connected planar graphs, as we shall show in Section 5. Via this relationship, Tutte's method [15] for generating all 3-connected planar graphs is equivalent to generating the 3-connected quadrangulations without separating 4-cycles from the pseudodouble wheels using P 4 . Theorem 3 thus implies a strengthening of Tutte's theorem, which we state as Corollary 1.
A method for generating quadrangulations which are not necessarily simple, but whose planar dual is simple, was claimed by Manca [9] . However, Lehel [8] showed a counterexample to Manca's theorem and corrected it by adding an additional expansion (making 5 expansions altogether).
Preliminary observations
Here we will list some elementary properties of simple quadrangulations of the sphere.
Lemma 1
The following are true of all simple quadrangulations. (i) The minimum degree is 2 or 3. In particular, if the minimum degree is 3, then there are at least 8 vertices of degree 3.
(ii) The graph is bipartite.
Proof. The first claim in part (i) follows from Euler's formula, while the second claim in part (i) can be found in [1] . Part (ii) is well-known. Lemma 4 Let G be a 3-connected quadrangulation which is not a pseudo-double wheel and has no separating 4-cycles. Let F be a face of G. Then G has a vertex x of degree 3 not on F such that x is adjacent to at most one other vertex of degree 3.
Proof. Let H be a component of the subgraph of G induced by the vertices of degree 3. By Lemma 1(i), we can choose H to include at least one vertex not on F .
If H includes a 4-cycle (not necessarily the whole of H), either that 4-cycle or the surrounding 4-cycle is a separating 4-cycle. (If both 4-cycles are faces then G is a cube, which is a pseudo-double wheel.) Consequently, by Lemma 2, either the required vertex x exists or H is a path whose endpoints lie on F . Since H is a path and G is bipartite, H has even length and connects two opposite vertices of F . Let x and y be the other vertices of F . Drawing G with F on the outside, the situation is represented on the left of Figure 7 , where V (H) = {v 0 , v 1 , . . . , v 2k }. Since G is a quadrangulation and H is a path, the extra neighbour of v 1 must be a vertex w, which we can assume to be in the interior of the cycle formed by H and x. We can now complete the graph: (v 0 , y, v 2 , v 1 ) must be a face, (v 1 , v 2 , v 3 , w) must be a face, (v 2 , y, v 4 , v 3 ) must be a face, and so on. We find that w is adjacent to v 1 , v 3 , . . . , v 2k−1 and y is adjacent to v 0 , v 2 , v 4 , . . . , v 2k . Finally, we must have that (v 0 , v 1 , w, x) and (v 2k−1 , v 2k , x, w) are faces, so w is adjacent to x. However, this means that x has degree 3 and therefore H is a cycle, a contradiction. The situation for k = 4 is shown on the right of Figure 7 .
Proofs of Theorems 1 and 2
In each case, the proof requires us to show that each quadrangulation within a given class (other than the starting graphs) is reducible within that class by one of the defining operations. Proof of Theorem 1. Let G be a simple quadrangulation larger than the square. By Lemma 1(i), G has minimum degree either 2 or 3.
Let x be a vertex of minimum degree. If x has degree 2, its neighbours y and z have degree at least 3, as otherwise G would be a square. Hence the situation is as depicted on the left of Figure 8 , showing that G is P 0 -reducible in Q 1 .
So suppose that G has minimum degree 3, and let x be a vertex of degree 3. Consider the faces (x, y, u, t), (x, t, v, z) and (x, z, w, y) incident with x, as at the right of Figure 8 . A P 1 (Q 1 )-reduction can be applied to (x, z, w, y) unless w is adjacent to t (in which case the reduction would create a parallel edge). However, if w is adjacent to t then v cannot be adjacent to y (by planarity), so a P 1 (Q 1 )-reduction applies to (x, t, v, z).
In any case, G is either P 0 -reducible in Q 1 or P 1 -reducible in Q 1 , which proves the theorem.
Proof of Theorem 2. Let G be a simple quadrangulation with minimum degree 3, other than a pseudo-double wheel. If H is a component of the subgraph induced by the vertices of degree 3, Lemma 2 tells us that H is either a 4-cycle or has a vertex of degree at most 1. In the first case, G is P 3 -reducible in Q 2 , since the vertices neighbouring H have degree at least 4 in G (otherwise H would not be a component).
Therefore, we may assume that there is some vertex x of degree 3 with at least two neighbours y and z of degree at least 4. As in the previous proof, consider the incident faces (see Figure 9) . A P 1 (Q 2 )-reduction can be applied to (x, z, w, y) unless w is adjacent to t. However, in that case v cannot be adjacent to y (by planarity) and also t has degree at least 4. Therefore, a P 1 (Q 2 )-reduction can be applied to (x, t, v, z).
(It is important to check that the two neighbours of x on the face where the reduction is applied have degree at least 4, otherwise the result of the reduction has minimum degree 2 and is therefore outside Q 2 .) In any case, G is either P 1 -reducible in Q 2 or P 3 -reducible in Q 2 , which proves the theorem.
Proofs of Theorems 3 and 4
Throughout this section, quadrangulations are 3-connected and hence simple. We will say that G is P 1 -reducible at x if there is a P 1 -reduction where the vertex x plays the part of the vertex of that label in Figure 3 . Recall that a reduction can only be applied if the resulting graph is still in the class of interest.
Lemma 5 Let G be a 3-connected quadrangulation which is not a pseudo-double wheel and has no separating 4-cycles. Let x be any vertex of degree 3 with at least two neighours of degree at least 4. Then G is P 1 -reducible in Q 3 at x.
Proof. Suppose that x has degree 3 and is adjacent to at least two vertices, y and z of degree at least 4. We have faces (x, z, w, y), (x, y, u, t), (x, t, v, z), just as in Figure 9 . Suppose that a P 1 (Q 3 )-reduction cannot be applied to (x, z, w, y) because the resulting graph is not 3-connected. Then at least one of {w, x, u}, {w, x, t}, {w, x, v} forms a 3-cut in G. Hence, without loss of generality, w lies on a face with either u or t. If w is on a face with t then, by parity, w must be adjacent to t. Hence (x, t, w, y) forms a separating 4-cycle. On the other hand, if w lies on a face with u then w and u must be opposite vertices of that face. Thus they have a common neighbour a = y. But then (w, y, u, a) forms a separating 4-cycle, since deg(y) ≥ 4. In either case, we find that the absence of separating 4-cycles implies that G is P 1 -reducible in Q 3 at x.
Lemma 6
If there exists a minimal separating 4-cycle C such thatC is not a pseudodouble wheel, then G is P 1 -reducible in Q 3 .
Proof. Using Lemma 3, it is clear thatC is a 3-connected quadrangulation without a separating 4-cycle. Applying Lemma 4 toC shows that there is a vertex x ∈C \ C, which has degree 3 inC and is adjacent to at least two vertices of degree at least 4 inC. Therefore, by Lemma 5, the quadrangulationC is P 1 -reducible at x in Q 3 . Let (x, z, w, y) be the face where a P 1 (Q 3 )-reduction applies inC.
Clearly deg G (x) = 3. If G is not P 1 -reducible in Q 3 at the face (x, z, w, y), then G must have a cutset {x, w, v} for some vertex v. Clearly v ∈C as v lies on a face with x. But every vertex in G \ {w, v} has a path to C \ {w, v}, andC \ {x, w, v} is connected (otherwise the P 1 (Q 3 )-reduction would not be applicable at x inC). Therefore {x, w, v} is not a cutset after all. This contradiction shows that G is P 1 -reducible in Q 3 . Lemma 7 If a 3-connected quadrangulation G contains a minimal separating 4-cycle C such that some c ∈ C has degree 3 in G, then G is P 1 -reducible in Q 3 .
Proof. Vertex c also has degree 3 inC, since otherwise C would not be minimal. Let b and d be the vertices adjacent to c on C and a the fourth vertex on C. Now G is 3-connected, so a, b and d must each have degree at least 4 in G. Since c has degree 3, the vertices b, c, and d lie on a face F = (b, y, d, c), as illustrated in Figure 10 . We can apply a P 1 (Q 3 )-reduction to the face F unless there exists a cutset including c, y and one other vertex z. Then z must share a face other than F with both c and y. Clearly z cannot share a face with c other than F if z ∈ G \C, and z cannot share a face with y if z ∈C − C. Therefore z ∈ C, and since G is 3-connected it must be that z = a. Hence c and a share a face, which must lie inC, contradicting the minimality of C.
Lemma 8 Let G be a 3-connected quadrangulation which contains a minimal separating 4-cycle C such thatC is a pseudo-double wheel. Then G is P 1 -reducible in Q 3 or P 3 -reducible in Q 3 unless there is a face incident with two opposite vertices of C but no face incident with three vertices of C.
Proof. First, suppose thatC is a cube. By Lemma 7, we may assume that all vertices in C have degree at least 4 in G (which incidentally implies that no face can be incident with 3 vertices of C). The P 3 (Q 3 )-reduction is valid unless the resulting graph is not 3-connected. The latter can only happen if there is a face incident with two opposite vertices of C. Now we may assume thatC is a pseudo-double wheel with strictly more than 8 vertices. Let the cycle of vertices of degree 3 be (v 0 , v 1 , . . . , v 2k−1 ). Let y be the vertex adjacent to v 0 , v 2 , . . . , v 2k−2 , and z be the vertex adjacent to v 1 , v 3 , . . . , v 2k−1 . Without loss of generality, we assume C = (v 0 , v 2k−1 , v 2k−2 , y). By Lemma 7, we can assume that v 0 , v 2k−2 and v 2k−1 have degree at least 4 in G. Hence the only possibility for a face incident with three vertices of C is one incident with v 0 , y and v 2k−2 .
Now consider applying a P 1 (Q 3 )-reduction to the face (v 0 , v 2k−1 , z, v 1 ). This is valid unless the resulting graph is not 3-connected, which only happens if v 2k−1 is on a face with v 2 , v 3 or y. The first two options are clearly impossible. The third option gives a face incident with both v 2k−1 and y, as required, and also shows that v 0 , y and v 2k−2 cannot lie on a common face. This rules out the only possibility, identified above, for a face incident with three vertices of C. Proof of Theorem 3. Let G be a 3-connected quadrangulation that is not a pseudodouble wheel, yet not P 1 -reducible in Q 3 or P 3 -reducible in Q 3 . By Lemmas 4 and 5, G contains a separating 4-cycle. Moreover, by Lemmas 6 and 8, each minimal separating 4-cycle C has a face F C incident with two opposite vertices of C but no face incident with three vertices of C. We will show that this leads to a contradiction.
SinceC is a pseudo-double wheel, the face F C is disjoint from the disk containinḡ C. Without loss of generality, suppose that C = (a, b, c, d) and F C = (a, y, c, z) . The graph G \ (C \ C) can be written as R 1 ∪ R 2 , where R 1 ∩ R 2 = {a, c}. We may assume, by exchanging y and z if necessary, that R 1 is contained in a disc bounded by the cycle (a, z, c, b) and R 2 is contained in a disc bounded by (a, d, c, y) , respectively. See Figure 11 , where F C is shown as the unbounded face. Now choose C so that the number of vertices in the smallest of these two parts is minimized (over all minimal separating 4-cycles). Without loss of generality, suppose that R 1 is the smallest part. Since z has degree at least 3, (a, z, c, b) is not a face and so is a separating 4-cycle. Therefore there is a minimal separating 4-cycle C contained in R 1 . NowC cannot be R 1 because F C would be incident with three of its vertices. In the same way that C defined R 1 and R 2 , C defines two parts R 1 and R 2 . Either F C is a face of R 1 , or F C = F C , but in either case one of R 1 and R 2 is a proper subgraph of R 1 . This contradicts the minimality of R 1 , proving the theorem. Proof of Theorem 4. Let G be a simple 3-connected quadrangulation, other than a pseudo-double wheel, that has no separating 4-cycle. By Lemma 4, G has a vertex of degree 3 adjacent to two vertices, y and z, of degree at least 4, as in the left part of Figure 12 . We know from Lemma 5 that a P 1 (Q 3 )-reduction can be applied to the face (x, z, w, y) (that is, without losing 3-connectivity). Suppose that a P 1 (Q 4 )-reduction is not valid at the same place; that is, the reduced graph has a separating 4-cycle. Then there is a path of length 3 (other than those apparent in the left part of the figure) from t to w. Such a path cannot use u, y, v or z without G having a separating 4-cycle, so it must involve two additional vertices a and b, as in the right part of the figure. The existence of this path implies that t has degree at least 4, so we can consider applying a P 1 (Q 4 )-reduction to the face (x, t, v, z) instead. As before, this is successful unless there is a path of length 3 from y to v. Such a path cannot use u, t, z or w without G having a separating 4-cycle, but it must also cross the path t, a, b, w. Hence, by planarity, it either has the form y, a, c, v or y, c, b, v, where c is yet another vertex. However, both these possibilities imply a separating 4-cycle in G, namely (y, u, t, a) and (w, z, v, b), respectively. So, in any case G is P 1 -reducible in Q 4 at x.
The connection to radial graphs
In this section we describe a completely different construction method for simple quadrangulations. Given a connected graph H embedded in the sphere, the radial graph G is defined as follows: the vertices of G are the vertices and faces of H, while the edges of G correspond to vertex-face incidences of H. Multiplicities are significant. For a vertex of H and a face f of H there are k edges of G with endpoints v and f , where k is the number of times that v appears in the walk that bounds f . The embedding of G is induced in the obvious way from that of H. The definition implies that the planar dual of H has the same radial graph. Figure 13 shows a planar graph and its radial graph. The dual of the radial graph of H is commonly called the medial graph of H. It is easy to see that the radial graph is a quadrangulation. Conversely, given a connected quadrangulation G of the sphere, we can construct the planar graphs H of which G is the radial graph. Recall that G is bipartite. Define the vertices of H to be the vertices in one of the colour classes of G, with two of them being adjacent if they lie on the same face of G. As before, multiplicities are significant and the embedding of H is induced from that of G in the obvious way. Choosing the other colour class of G gives the dual of H, which also has G as its radial graph.
Theorem 5 Let H be a connected planar graph and let G be its radial graph. Then (i) G is a simple quadrangulation if, and only if, H is loop-free and 2-connected (but not necessarily simple); (ii) G is a simple quadrangulation with minimum degree 3 if, and only if, H is loop-free and 2-connected (but not necessarily simple) with no vertices of degree 2 or faces of size 2; (iii) G is a (simple) 3-connected quadrangulation if, and only if, H is simple, 2-connected, and 3-edge-connected; (iv) G is a (simple) 3-connected quadrangulation without separating 4-cycles if, and only if, H is simple and 3-connected.
Proof. Since G is bipartite, it cannot have loops. Multiple edges in G correspond to 1-cuts or loops in H, and vice-versa. Vertices of degree 1 in G correspond to loops that bound faces or vertices of degree 1 in H, whereas vertices of degree 2 in G correspond to faces of size 2 or vertices of degree 2 in H. A 2-cut in G corresponds to a 2-edge cut or a 2-cycle in H, and vice versa. Finally, separating 4-cycles in G correspond to 2-cuts in H, and vice-versa.
Parts (i), (iii) and (iv) have previously appeared in [5] , [7] and [11] , respectively.
Theorem 5 gives an alternate way to generate our classes of quadrangulations. For instance, by (iv), generating members of Q 4 is equivalent to generating simple 3-connected planar graphs. This class may also be generated using Tutte's synthesis of 3-connected graphs [15] , which we now state. We say that a graph H is obtained from a graph G by splitting a vertex if G is obtained from H by contracting an edge with both ends of degree at least three that belongs to no triangle of H. A wheel is a graph obtained from a cycle by adding a new vertex joined to every vertex of the cycle. Note that the radial graph of a wheel is a pseudo-double wheel.
Theorem 6 A graph G is simple and 3-connected if an only if it can be obtained from a wheel by repeatedly applying the following two operations:
(a) adding an edge between two distinct nonadjacent vertices, and (b) splitting a vertex.
However, our method is more efficient in the sense that it generates fewer duplicates. To see that, let us restate Theorem 4 in terms of simple 3-connected graphs, as a variation of Theorem 6 for planar graphs. We say that a planar graph H is obtained from a planar graph G by a restricted addition if H is obtained from G by adding an edge joining nonadjacent vertices x and z, where for some vertex y the vertices x, y, z occur on the boundary of a face of G in the order listed. We say that a planar graph H is obtained from a planar graph G by a restricted split if G is obtained from H by contracting an edge that belongs to no triangle of H, has one end of degree three, and the other end of degree at least three. Theorem 4 implies the following strengthening of Theorem 6 for planar graphs.
Corollary 1 A planar graph G is simple and 3-connected if an only if it can be obtained from a wheel by repeatedly applying the operations of restricted addition and restricted split.
Seymour [14] generalized Theorem 5 by showing that (except for a few well-defined exceptions), the graph G can be generated as in Theorem 5 from any simple 3-connected minor of itself. It is natural to ask whether the corresponding strengthening holds for planar graphs. Unfortunately, that is not true. Let G be the 6-sided prism (the Cartesian product of C 6 and K 2 ), and let H be obtained from G by joining two diagonally opposite vertices on the boundary of one of the faces of length six. Then clearly H cannot be obtained from G by applying the operations of Corollary 1.
Theoretical enumeration
We are not aware of any theoretical enumeration of isomorphism types of planar quadrangulations. However, there are some enumerations of labelled planar quadrangulations and in this section we will add to them.
Recall that a rooted embedded graph is one in which a flag (a vertex, an edge incident with that vertex, and a face incident with that edge) has been distinguished. Rooted embedded graphs are generally easier to enumerate analytically than isomorphism types, since the rooting eliminates automorphisms.
Theorem 7 Let r i (n), i = 1, 2, 4, be the number of rooted (simple) quadrangulations with n vertices in class Q i . Then (a) For n ≥ 4,
(c) For n ≥ 8,
Proof. For parts (a) and (c), see [5] and [11] , respectively. We will prove part (b) here. We will draw rooted quadrangulations with the root face on the outside and the root vertex and edge indicated by an arrowhead. Internal vertices are those not on the root face.
If G is a rooted simple quadrangulation (class Q 1 ), we can successively remove internal vertices of degree 2 (using P 0 (Q 1 )-reductions) until there are no internal vertices of degree 2 remaining. A simple induction shows that the resulting rooted (simple) quadrangulation is independent of the order in which the internal vertices of degree 2 are removed; we will call it the frame of G.
Define F (y) = i≥0 f i y i , where f i is the number of rooted simple quadrangulations with i internal vertices, all internal vertices having degree at least 3. (These are the possible frames.) Also define S(y) = i≥0 s i y i , where s i is the number of square-framed quadrangulations with i internal vertices, which are the rooted simple quadrangulations whose frame is the square. Then an arbitrary rooted simple quadrangulation consists of a frame with each internal face filled in according to some square-framed quadrangulation. Since this can be done in exactly one way, and having i internal vertices implies that there are i+1 internal faces, we have
We next write F (y) in terms of R 2 (y). Rooted simple frames have no internal vertices of degree 2, but can have 0, 1, 2 or 4 vertices of degree 2 on the root face. Clearly F (y) = F 0 (y) + 4F 1 (y) + 2F 2 (y) + F 4 (y), where F i (y) counts the frames with one of the possible positions for i vertices of degree 2. Clearly F 0 (y) = R 2 (y) and F 4 (y) = 1. 
To complete the calculation, we determine the counting series S(y) for square-framed quadrangulations. A diagonal is an internal vertex adjacent to two opposite vertices of the outside face. Choose a fixed proper colouring of the vertices of the quadrangulation with colours black and white. By considering the last vertex removed as a square-framed quadrangulation is reduced to its frame, we see that a square-framed quadrangulation with at least one internal vertex has a diagonal. Moreover, by planarity, it cannot have both black and white diagonals. Thus we have S(y) = 1 + S B (y) + S W (y), where the last two series count square-framed quadrangulations with black and white diagonals, respectively. If a square-framed quadrangulation G has exactly k ≥ 1 black diagonals, these divide the interior of the quadrangulation into k+1 regions, each of which can be empty or (considered as quadrangulations in their own right with colouring inherited from G) contain white diagonals. Therefore we have the recurrence Since S B (y) = S W (y) by symmetry, we infer that S(y) is given by the equation yS(y) 2 − (1 − y)S(y) + 1 = 0.
We can now apply (2) and (3) to (1) to obtain the relationship between R 1 (y) and R 2 (y). The version given in the theorem statement is obtained by substituting x = yS(y), which (3) shows to be equivalent to y = x(1 − x)/(1 + x).
Computational experience
The algorithms proved in Theorems 1-4 have been used in the program plantri [2, 3] written by two of the present authors. The program plantri can generate many classes of planar graphs without explicit isomorphism testing. The generation speed (1 GHz Pentium III) is 79,000-95,000 quadrangulations per second for classes Q 2 -Q 4 and more than 400,000 per second for class Q 1 .
The method used for isomorph rejection is the "canonical construction path" method introduced by McKay [10] . Details are in [2] ; essentially, the program chooses one of the (possibly many) sequences of expansions by which each graph can be made, then rejects any graph made by other sequences. Those graphs not rejected then comprise exactly one member of each isomorphism class. Tables 1-4 give the numbers of isomorphism classes of simple quadrangulations with n vertices and f faces in each of the classes Q 1 -Q 4 (equivalently, the numbers of planar quartic graphs with f vertices and n faces in the corresponding dual classes). In each case q i (n) (i = 1, . . . , 4) is the number of isomorphism classes in Q i if orientation-reversing (reflectional) isomorphisms are permitted, whereas q i (n) permits only isomorphisms which are orientation-preserving. The values of q 3 (n) up to n = 17 previously appeared in [4] and those up to n = 24 in [6] .
